In this study, the fundamental framework of analytical micromechanics is generalized to consider nano-composites with both interface stretching and bending effects. The interior and exterior Eshelby tensors for a spherical nanoinclusion, with an interface defined by the Steigmann-Ogden model, subjected to an arbitrary uniform eigenstrain are derived for the first time. Correspondingly, the stress/strain concentration tensors for a spherical nano-inhomogeneity subjected to arbitrary uniform far-field stress/strain loadings are also derived. Using the obtained concentration tensors, the effective bulk and shear moduli are derived by employing the dilute approximation and the Mori-Tanaka method, respectively, which can be used for both nano-composites and nano-porous materials. An equivalent interface curvature parameter reflecting the influence of the interface bending resistance is found, which can significantly simplify the complex expressions of the effective properties. In addition to size-dependency, the closed * Corresponding author: ltdong@buaa.edu.cn (L. Dong). Address: School of Aeronautic Science and Engineering, Beihang University, Beijing, 100191, CHINA.
Introduction
In recent decades, the interest in modelling surfaces and interfaces is growing with the wide applications of nano-materials in mechanical, automobile, and aerospace industries. Various models, such as the free sliding model [1] , the linear spring model [2] , the dislocation-like model [3] , the interphase model [4] , the interface stress model [5] [6] [7] [8] [9] etc., are developed to simulate the mechanical properties of interfaces in nanomaterials. Among these models, the Steigmann-Ogden interface stress model [8, 9] (hereinafter referred to as the S−O model) has enjoyed an increasing popularity. As both stretching resistance and the bending resistance are incorporated into the surface/interface constitutive relation, the S−O model can account for the known experimental observations and simulation results on the size-dependent surface stresses of nanowires [10, 11] , nanoplates [12] and nanoparticles [13] , which cannot be fully explained by the Gurtin-Murdoch model [6, 7] .
The Steigmann-Ogden interface stress model was first put forward by Steigmann and Ogden [8] in 1997, and has recently attracted increased interest since Eremeyev and Lebedev [14, 15] derived equilibrium equations and boundary conditions describing an elastic solid with surface stresses. The interface can be regarded as a negligibly thin shell attached to the surface/interface of the bulk materials in the S-O model, while in the G-M model the surface/interface is regarded as a membrane capable only of stretching (no flexural resistance) leading to the possibility of instability under compressive surface/interface stresses (e.g. wrinkling) [16] . The S-O model is thus recognized as a advancement in the field of surface mechanics [14] [15] [16] [17] , and has been widely used for mechanical analysis of nano-materials, e.g. nanobeams [18] , nanowires [19] , nanoshells [20] , polymer brush [21, 22] and half-space material [23, 24] .
In contrast to the large number of studies available for materials with the GurtinMurdoch interface model (e.g. [25] [26] [27] [28] [29] [30] [31] [32] [33] [34] [35] [36] [37] [38] [39] and many others), the literature on nano-porous materials and nano-particle reinforced composites, considering the Steigmann-Ogden model, is rather limited. The only papers we are aware of are those by Dai et al. [40] , Gharahi and Schiavone [16] , Han et al. [41] , Zemlyanova and Mogilevskaya [42] .
Among these studies, Dai et al. [40] and Zemlyanova and Mogilevskaya [42] presented analytical/ semi-analytical solutions to the two-dimensional problem of an infinite isotropic elastic domain containing an isotropic elastic circular inhomogeneity; Gharahi and Schiavone [16] derived the effective moduli of the micropolar nano-composite considering plane elasticity.
In our previous study [17] , we presented an explicit solution for the problem of a spherical nano-inhomogeneity embedded in an infinite matrix loaded by uniform farfield-stresses. It was shown that the existence of interface bending resistance can significantly change the local stress distributions around the interface. However, due to the mathematical complexity, studies of the effective properties of 3D nano-composites with the Steigmann-Ogden interface model have not been reported to the best of our knowledge. Especially, the explicit expressions of the Eshelby tensor and overall properties of nano-composites and nano-porous materials considering the SteigmannOgden interface model, which can be quite useful in the designing nanocomposites and porous materials, are very desirable.
Following our previous study [17] , the Eshelby formalism is extended to the problem of a nano-inclusion with the Steigmann-Ogden interface model for the first time in this study. Using the obtained stress/strain concentration tensors, we employ the dilute approximation and the Mori-Tanakas method to derive the effective elastic moduli of nano-composites following the procedure given in Duan et al. [30] . The derived formulas can also be used for nano-porous materials by setting the moduli of the inclusion to be 0. An equivalent interface curvature parameter, and a characteristic curvature parameter are also defined, and their significances are discussed in detail.
The rest of this paper is organized as follows: In Section 2, the governing equations for the 3D nano-inhomogeneity with Steigmann-Ogden interface are briefly stated. In Section 3, explicit analytical solutions and Eshelby tensors for an inclusion subjected to eigenstrains are given. In Section 4, the explicit solutions and stress/strain concentration tensors for a spherical inhomogeneity with far-field stresses/strains are given. In Section 5, the expressions and numerical examples of the effective elastic moduli of nano-composites, considering the Steigmann-Ogden interface model, are
given. In Section 6, we complete this paper with some concluding remarks.
The governing linear elasticity equations
We start by considering an infinite matrix with a nanosized inclusion/inhomogeneity illustrated in Fig. 1 . Solutions for the matrix and the inhomogeneity should satisfy the equations of stress equilibrium, strain displacement-gradient compatibility, constitutive relations, as well as far-field boundary conditions. The Steigmann-Ogden interface model is employed to consider the interface bending resistance as well as interface stretching resistance. Derivation of the Steigmann-Ogden interface model is detailed in [14, 15] , and the governing equations are summarized below. The displacement vector across the interface is continuous,
The stress tensor across the interface has a jump,
The is the gradient operator defined on the interface where n is the unit outer-normal vector of the interface Γ .
Eshelby tensor for a nano-inclusion
In this section, we consider a spherical inclusion of radius R embedded in an infinite matrix, along with an interface characterized by the S-O model. The elastic modulus is the same for both the inclusion and the matrix ( m i E E = ). The eigenstrains * ε in the inclusion are assumed to be uniform. For this problem, the analytical solution can be derived easily by employing Papkovich-Neuber solutions [43, 44] . We express the analytical solution for this problem as being a linear combination of PapkovichNeuber potentials, and determine the unknown coefficients by enforcing the far-field and interface conditions. Details of the derivation can be found in Wang et al. [17] . 
Analytical solutions with uniform eigenstrains
By using the same procedure, the displacement field 
The displacement field 
The displacement field j zx u with eigenstrain * ε zx can be written as: 
Using strain displacement-gradient compatibility and the constitutive relations, the strain/stress fields can be obtained. In the inclusion, the Eshelby tensor can be written as:
Eshelby tensors for the matrix and the inclusion
( ) 
In the matrix, the Eshelby tensor can be written as: The average Eshelby tensor in the inclusion is thus defined as: (20) in which i V is the volume of the inclusion. After some derivations, it can be shown that i S is an isotropic tensor: 
Stress/strain concentration tensors for a nano-inhomogeneity
In this section, we consider a spherical inhomogeneity of radius R embedded in an infinite matrix, with the S-O interface, subjected to homogeneous far-field stresses and strains at infinity. The far-field condition for uniform stresses and strains can be written as:
where Σ and Ε are constant far-field strain and stress tensors. It should be pointed out that the equivalent inclusion method is not applicable to this problem, because the strain field in the inhomogeneity is not uniform. We will discuss these two far-field conditions in the following two subsections separately. The detailed derivation of the displacement fields for this problem is similar to Wang et al. [17] , thus we simply list the results in the present paper.
Stress concentration tensors
First, we consider the case when the remote loading has only one non-zero stress 
The displacement field j yy u with the remote tensile stress Σ yy can be written as: 
The displacement field j zz u with the remote tensile stress Σ zz can be written as: 
The displacement field j xy u with the remote shear stress Σ xy can be written as: 
The displacement field j yz u with the remote shear stress Σ yz can be written as: 
The displacement field j zx u with the remote shear stress xy Σ can be written as: 
Using strain displacement compatibility and the constitutive relations, the strain/stress fields can be obtained. Once the stress fields in the inhomogeneity and the matrix are derived, we can derive the stress concentration tensor for the inhomogeneity and the matrix considering the S-O model. The stress concentration tensors for the spherical inhomogeneity can be expressed as:
In the inhomogeneity, the stress concentration tensor can be written as: 
In the matrix, the stress concentration tensor can be written as: The average stress concentration tensor in the inhomogeneity is defined as:
Again after some manipulations, it can be shown that B is an isotropic tensor: In order to derive the effective compliance tensor in the next section, we introduce the interface stress concentration tensors, which is defined as below:
( )
where ( ) 
that is to say, they are not affected individually by s ζ and s χ when s η is a fixed value.
Second, the stress concentration tensor in the inhomogeneity is transversely isotropic, while the average stress concentration tensor is an isotropic tensor.
Strain concentration tensors
The analytical solutions with far-field strain loading have the same structure as the analytical solutions with far-field stresses, except that the coefficients are different. The The strain concentration tensors for the spherical inhomogeneity can be expressed as:
In the inhomogeneity, the strain concentration tensor can be written as: In the matrix, the strain concentration tensor can be written as: The average strain concentration tensor in the inhomogeneity is defined as:
A A (42) in which i V is the volume of the inhomogeneity. Again, i A is an isotropic tensor:
We also introduce the "interface strain concentration tensors" [31] , which is defined η 3ζ 5χ = + . Besides, the strain concentration tensor in the inhomogeneity is transversely isotropic, while the average strain concentration tensor is an isotropic tensor.
Effective bulk and shear moduli

The dilute approximation and the Mori-Tanaka method
The effective stiffness tensor 
As discussed in [46] , the dilute approximation neglects particle interactions and is therefore valid only for small volume fractions of reinforcements. In order to predict overall mechanical properties of nano-composites with higher volume fractions, we employ the Mori-Tanaka method (MTM) [47] . Following the procedure given in [48] ,
we have the following relations: 
: :
And we can obtain the effective bulk and shear modulus: 
Numerical results and discussion
In this subsection, we conduct a series of parametric studies to investigate the influence of surface bending resistance on the effective shear modulus. From Fig.2 ,it is also observed that the effective modulus calculated by the dilute approximation agrees with that obtained by the Mori-Tanaka method when the volume fraction of inhomogeneities is small, but they differ considerably when the volume fraction is large, because the dilute approximation neglects any interaction between inhomogeneities. Therefore, we use the effective modulus calculated by the MoriTanaka method hereinafter. Besides, the effective shear modulus computed by Eq. (56) when s η 0 = agrees with the effective shear modulus using the G-M interface model [30] , which partially verifies the effective moduli as derived in this paper.
An interesting phenomenon is observed in Fig.3 that the effective modulus is significantly affected by interface bending when s η is near the characteristic curvature 
Conclusions
In this study, we generalized the fundamental framework of analytical micromechanics to study nano-composites with both interface stretching and bending effects.
The first contribution of this paper is that the explicit analytical solutions for spherical nano-inclusion with an interface defined by the Steigmann-Ogden model is derived, considering uniform eigenstrains or far-field stress/strain loadings. The
Eshelby tensors and the stress/strain concentration tensors for these problems are also derived in this paper for the first time.
The second contribution of this paper is that explicit expressions for the effective bulk/shear moduli for nano-composites with a Steigmann-Ogden(S-O) interface are provided. In addition to size-dependency, the closed form expressions show that the effective bulk modulus is invariant to interface bending resistance parameters, in 
